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We define the Uhlmann number as an extension of the Chern number, and we use this quantity
to describe the topology of 2D translational invariant Fermionic systems at finite temperature. We
consider two paradigmatic systems and we study the changes in their topology through the Uhlmann
number. Through the linear response theory we linked two geometrical quantities of the system, the
mean Uhlmann curvature and the Uhlmann number, to directly measurable physical quantities, i.e.
the dynamical susceptibility and to the dynamical conductivity, respectively.
The discovery of topological ordered phases (TOP) has
attracted an ever growing interest from the very out-
set [1], partly due to the number of fascinating phe-
nomena connected to it, such as topologically protected
edge excitations [2], quantised current in insulating sys-
tems [3–8], bulk excitations with exotic statistics [9–11].
A relevant subclass of TOP are the so called symmetry-
protected TOP, which have been extensively studied and
classified thoroughly, according to a set of topological in-
variants [12–15]. The above classification relies on the as-
sumption that the relevant features of a topological quan-
tum system are fundamentally captured by the system
zero-temperature limit, i.e. by the properties of its pure
ground state. On the other hand, the fate of these topo-
logical ordered phases remains unclear, when a mixed
state is the faithful description of the quantum system,
either because of thermal equilibrium, or due to out-of-
equilibrium conditions. Over the last few years, different
attempts have been done to reconcile the above topologi-
cal criteria with a mixed state configuration [16–26]. The
recent success of the Uhlmann approach [27] in describing
the topology of 1D Fermionic systems [18, 19], remains in
higher dimensions [20] not as straightforward [21]. More-
over, the importance of this approach and its relevance
to directly observable physical quantities, still remains
an interesting open question.
In this letter, we propose to study 2D topological
Fermionic systems, at finite temperature, by means of
a new set of geometrical tools derived from the Uhlmann
approach [27], the mean Uhlmann curvature (MUC) [28,
29] . We study 2D-topological insulators (TIs) and 2D-
topological superconductors (TSCs), whose topological
features are captured by the Chern number [15]. As with
many other topological materials, these systems may host
gapless edge excitations, whose presence characterises the
onset of a non-trivial topological phase [30]. For TSCs
these excitations are known as Majorana excitations [31].
When translational invariance is present, the Chern
number is defined through the Berry curvature as Ch =
1
2pi
∫∫
BZ
FBkxkyd
2k, where FBkxky is the Berry curvature.
The Chern number is always an integer, and it is the
topological invariant that characterizes the phase of the
system. To study these systems at finite temperature it
is necessary to find a mixed state generalization of the
Chern number, but a direct generalization of the Chern
number via the Uhlmann approach leads to a trivial topo-
logical invariant. In this letter, we construct a quantity,
the Uhlmann number nU , through the MUC. This quan-
tity is not a topological invariant but it can describe how
the systems reacts to a rising temperature. We apply
these concepts to two specific paradigmatic models, a
p-wave superconductor and a TI with high Chern num-
ber [31, 32], and show how the Uhlmann number depends
on temperature. Beyond their mathematical and concep-
tual appeal, we have found that the MUC and Uhlmann
number are related to quantities directly accessible to ex-
periments, namely, the susceptibility to external pertur-
bations and more specifically the transverse conductivity.
Uhlmann number – The Uhlmann Geometric Phase is
a generalisation of the Berry phase when the system is
in a mixed state [27]. This generalisation relies on the
idea of amplitude of a density operator ρ ∈ B(H), which
is defined as an operator ω satisfying ρ = ωω†. Such
a definition leaves a U(n) gauge freedom on the choice
of ω, as any operator ω′ = ωU , with U unitary matrix,
fullfils the same condition ρ = ω′ω′†. Let ρλ be a fam-
ily of density matrices parametrized by λ ∈ M, with
γ := {λ(t) ∈ M, t ∈ [0, T ]} a smooth closed curve in a
parameter manifoldM and ωλ the corresponding path of
amplitudes. To reduce the gauge freedom, Uhlmann in-
troduced a parallel transport condition on ωλ [27]. When
this condition is fulfilled on closed curve γ, the ampli-
tudes at the endpoints of the curve must coincide up to a
unitary transformation ωλ(T ) = ωλ(0)Vγ , where Vγ is the
holonomy associated to the path [27].
The holonomy is expressed as Vγ = Pei
∮
A, where
P is the path ordering operator, and A = ∑µAµdλµ
is the Uhlmann connection one-form, the non-Abelian
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2generalization of the Berry connection. The Uhlmann
connection is defined by the following ansatz [33, 34]
∂µω =
1
2Lµω − iωAµ, where Lµ are the Hermitian oper-
ators known as symmetric logarithmic derivative (SLD),
and (∂µ = ∂/∂λµ) is the derivative with respect to a
parameter in the manifold M. The SLD is defined as
the operator solution of the equation ∂µρ =
1
2{Lµ, ρ}.
The components of the Uhlmann curvature, the ana-
logue of the Berry curvature, are defined as Fµν =
∂µAν − ∂νAµ − i[Aµ, Aν ]. They can be understood in
terms of the Uhlmann holonomy per unit area associ-
ated to an infinitesimal loop, Fµν = limδµδν→0 i
1−Vγ
δµδν
,
where δµδν are the side of the infinitesimal parallelo-
gram spanned by the two independents direction δµeˆµ
and δν eˆν .
The Uhlmann phase is defined as ϕU [γ] =
arg Tr[ω†λ(0)ωλ(T )]. The mean Uhlmann curvature [28],
defined as the Uhlmann phase per unit area for an in-
finitesimal loop, is given by
Uµν := lim
δµδν→0
ϕU [γ]
δµδν
= Tr[ω†λ(0)ωλ(0)Fµν ]. (1)
One can show that the MUC can be expressed in terms
of the SLD
Uµν = i
4
Tr[ρ0[Lµ, Lν ]], (2)
which makes it very easy to handle it. One can easy show
that the MUC converges, in the pure state limit, to the
Berry curvature FBµν .
The systems we study in this work are 2-D transla-
tional invariant systems whose topology is characterised
by the Chern number of the ground state, i.e.
Ch =
1
2pi
∫
BZ
FBµνdkµdkν , (3)
i.e. the integral over the first Brillouin zone (BZ)
of the Berry curvature FBµν = ∂µA
B
ν − ∂νABµ , where
ABµ = i 〈ψk|∂µ|ψk〉 is the Berry connection of the ground
state. Here the parameter manifold is the BZ itself, i.e.
∂µ = ∂/∂kµ.
Similarly, one can define the following quantity, the
Uhlmann number, as the integral over the BZ of the
MUC, i.e.
nU =
1
2pi
∫
BZ
Uµνdkµdkν . (4)
nU is clearly a finite temperature generalisation of the
Chern number, to which it converges in zero tempera-
ture limit. One easily see that the MUC, and hence the
nU , is gauge invariant, i.e. it does not depend on the
gauge choice of the amplitude. Nonetheless nU is not a
topological invariant, and it is not always an integer as
the Chern number is. In this work, we will use nU as
an extension of the Chern number and we will link this
quantity to physical proprieties of the systems.
Susceptibility and MUC - The nU , an inherent geo-
metrical quantity, has interesting connections to physical
relevant objects, such as the susceptibility. Let’s consider
a system with a Hamiltonian H0, perturbed as follows
H = H0 +
∑
µ
Oˆµλµ, (5)
where {Oˆµ} is a set of observables of the system, and
{λµ} is the corresponding set of perturbation parameters
(sources). In thermal equilibrium, one can show that
the dissipative part of the dynamical susceptibility, with
respect to Oˆµ, has the following Leehmann representation
χ′′µν(ω) = −
∑
ij
(Oˆµ)ij(Oˆν)ji(pi−pj)piδ(ω+Ei−Ej). (6)
For a thermal state, by exploiting the following identity
pi−pj
pi+pj
=
∫ +∞
−∞ dω tanh
(
ωβ
2
)
δ(ω−Ej +Ei), we can relate
the χ′′µν(ω) to the MUC, as follows
Uµν = 1
ipi
∫ +∞
−∞
dω
ω2
tanh2
(
ωβ
2
)
χ′′µν(ω), (7)
where the set of perturbations {λµ} in (5) plays the role
of the parameters in the derivation of Uµν . By means
of the fluctuation-dissipation theorem [35], one can de-
rive an alternative expression for Eq. (7) in terms of the
dynamical structure factor, Sµν(ω) =
∫ +∞
−∞ dte
iωtSµν(t),
(i.e. the Fourier transform of the correlation matrix
Sµν(t) = 〈Oˆµ(t)Oˆν(0)〉) which reads
Uµν = i
2pi
∫ +∞
−∞
dω
ω2
tanh2
(
ωβ
2
)
(Sµν(ω)− Sνµ(ω)).
(8)
Equations (7) and (8) link the MUC to two experi-
mentally measurable quantities, the dissipative part of
the dynamical susceptibility, and the imaginary part of
the (off-diagonal)-dynamical structure factor.
Moreover, as shown in [28, 36, 37], the MUC is re-
lated to quantum multi-parameter estimation problems.
Indeed, the uncertainty in the estimation of a set of pa-
rameters {λµ} of a physical system is lower bounded by
the Cramer-Rao (CR) bound [38–40], i.e. Cov(λˆ) ≥ J−1,
where J is the quantum Fisher information matrix, whose
elements are Jµν =
1
2Tr[ρ{Lµ, Lν}], and Cov(λˆ) is the
covariance matrix, which quantifies the uncertainty on
{λµ}. Both in a classical multi-parameter and in a
quantum single-parameter estimation problem, the CR
bound is always tight. However, in the quantum multi-
parameter case, the CR bound may not be saturated, due
to a manifestation of the uncertainty principle, known
as incompatibility condition. Such an incompatibility is
quantified by the MUC [36], which signals whether the
3estimation of a set of parameters is hindered by the inher-
ent quantum nature of the underlying physical system.
Thanks to Eq. (7) we see that if the perturbations
are longitudinal, so that they affect only the expecta-
tion value of the correspondent operator, then the MUC
must be zero, and so the two parameters are compatible.
Electrical conductivity and nU – Let’s assume now a 2D
Fermionic system that presents translational invariance
and let’s connect the above formulas to the Uhlmann
number. In the quasi-momentum representation, the
Hamiltonian reads H0 =
∑
k∈BZ H(k). If the system
is perturbed by a time-dependent homogeneous electric
field, the Hamiltonian is, up to first order,
H = H0 +Hext =
∫
BZ
d2k (H(k)− JkA(t)) , (9)
where Jk is the electrical current density and A(t) is the
potential vector. With this expression of H the dissipa-
tive part of the transversal conductivity is
σ′′µν(ω) =
e2
h¯2
∑
i,j
∫
BZ
d2k
piδ(ω + ωij)
ih¯ω
(pi − pj)×
× (∂kµH(k))ij(∂kνH(k))ji.
(10)
By using a procedure similar to that used to de-
rive Eq. (7) we are able to calculate the following formula∫ +∞
−∞
dω
ω
tanh2
(
h¯ωβ
2
)
σ′′µν(ω) = −
pie2
h¯
2pinU , (11)
which links the dissipative part of the conductivity to the
Uhlmann number (Eq. (4)). This equation may be read
as a finite-temperature extension of the famous Thouless-
Kohmoto-Nightingale-den Nijs (TKNN) formula [4] , i.e.
σxy = Ch
e2
h¯
, (12)
which connects the transversal conductivity of a Chern
insulator to the Chern number. Eq. (11) provides a
similar relation, at finite temperature, between transver-
sal conductivity and geometrical properties of the band
structure described by nU , even though the latter is not
a quantised quantity. Finally, using Eq. (7), from Eq.
(11) we get
UEµEν = −
e2
h¯2
2pinU . (13)
This last equation links the MUC, derived with re-
spect to external real parameters (the electric fields),
to the topology of the system (nU ). In terms of multi-
parameter quantum estimation problem, UEµEν marks
the incompatibility of the two components of the electric
field. Therefore, Eq. (13) links the presence of a non-
trivial topology in the system to an quantum uncertainty-
principle, i.e. an incompatibility in the multi-parameter
estimation problem, ascribed to the inherent quantum
nature of the underlying physical system.
Let’s apply the above considerations to specific 2D
translational invariant systems that may show non-trivial
topology at zero temperature. The Hamiltonian of
these systems can be cast in the following form H =∑
k∈BZ Ψ
†
kH(k)Ψk, where H(k) is a 2× 2 matrix, which
can be written as H(k) = εk1 + ~hk · ~σ, where ~hk is a
3-D vector and ~σ are the Pauli matrices. In the case of
the so called Topological Insulators Ψk = (ak, bk)
t, with
ak and bk Fermionic annihilation operators of two differ-
ent species of Fermions of the system. Otherwise, in the
case of the Topological Superconductors Ψk = (ck, c
†
−k)
t
is the Nambu Spinor [1]. In both cases the Berry cur-
vature, and so the Chern number assumes the following
expression
FBµν =
1
2
(∂µhˆk×∂ν hˆk) · hˆk Ch = 1
2pi
∫
BZ
FBµνdkµdkν ,
(14)
where hˆk = ~hk/|~hk|.
At thermal equilibrium, i.e. ρ = e
−βH
Z , the MUC for
each momentum k has the expression
Uµν(k) = tanh
(
βhk
2
)
tanh2(βhk) · FBµν . (15)
Two-dimensional topological superconductor – A well-
known model of p-wave spinless superconductor [1, 11,
31] provides a good example to apply some of the
above considerations. Let’s consider the following lattice
Hamiltonian
H =
∑
ij
[
− t(c†i+1,jci,j + c†i,j+1ci,j)−
1
2
(µ− 4t)c†i,jci,j+
+ ∆(c†i+1,jc
†
i,j + ic
†
i,j+1c
†
i,j) + H.c.
]
,
where µ is the chemical potential, t is the hopping am-
plitude and ∆ is the superconductor pairing amplitude.
We can fix t = |∆| = 12 so that the only free parameter
is µ. Then, the Hamiltonian in the Nambu spinor base
in the momentum space is
H(k) = −1
2
{sin kyσx+sin kxσy+[µ−2+cos kx+cos ky]σz},
where the σi are the Pauli matrices. The topological
phases of the model at T = 0 are characterised by the
following Chern numbers as a function of µ
Ch =

1, if 0 < µ < 2
−1, if 2 < µ < 4
0, otherwise.
(16)
For topological non-trivial regions, Ch = ±1, the sys-
tem presents chiral Majorana modes at the edges. We
4Figure 1. The graph shows how the Uhlmann number varies
as a function of the temperature T and the chemical potential
µ in a p-wave superconductor.
0.5 1.0 1.5 2.0
0.2
0.4
0.6
0.8
1.0
Figure 2. (Color online) The graph shows how the Uhlmann
number nU varies as a function of temperature T with two
different values of the chemical potential, µ = 0.5 and µ =
−0.1, in a p-wave superconductor.
consider the system in a thermal Gibbs state and we nu-
merically calculate the Uhlmann number (see Eq. (4)),
whose values are graphically represented in Fig. 1. As ex-
pected, the nU correctly describes the topological phase
transition at zero temperature. For high temperatures,
the behaviour of the nU shows a typical cross-over tran-
sition, without a critical transition between different re-
gions. One can observe a smooth vanishing of nU as tem-
perature increases, with no temperature induced critical
behaviour.
By fixing µ in a specified phase, one can see two dif-
ferent dependencies of nU as temperature increases. In a
non-trivial topological phase, e.g. when Ch = ±1, we see
that nU vanishes monotonically (see the blue solid line
in Fig. 2 ). On the other hand, one can see a peculiar
non-monotonic behaviour of nU in the trivial phase, for
parameters µ in the close proximity of the critical point
(see the dashed orange line in Fig. 2).
This can be interpreted as a thermal activation of the
topological property of the system. In a phase, which
is trivial at zero temperature, there may be a range of
temperatures for which the geometrical properties of the
bands show non-trivial values. This can be explained
by a partial population transfer between the valence and
conduction bands, in the regions of the bands which are
closer to the gap. These are the regions which contribute
the most to the curvature, overall providing a non-trivial
net value of the Uhlmann number. The closer the system
is to a critical point, (for example for µ → 0− in the
current model), the more pronounced this effect is. This
is due both to the smallness of the gap, and to the nearly
singular behaviour of the curvature in the vicinity of the
gap.
Two-dimensional topological insulator with high Chern
number – The second model we considered was first pro-
posed by D. Sticlet et al. [32]. This is a topological insula-
tor model realised on a triangular lattice of Fermions with
an additional internal degree of freedom. This model can
be modified to have up to five different phases. We stud-
ied the following case
H=
∑
ij
[
c†i+1,j(t1σ1 + it3σ3)ci,j + c
†
i,j+1(t1σ2 + it3σ3)ci,j+
+ c†i+1,j+1t2σ3ci,j + H.c.
]
.
where ti are the hopping amplitudes between nearest
neighbours with different orbital. The Pauli matrices in
this case act on the orbital degrees of freedom. In the
momentum representation, the Hamiltonian reads
H(k) = 2{cos(kx)σ1 + cos(ky)σ2+
+[t2 cos(kx + ky) + sin(kx) + sin(ky)]σ3},
(17)
where we have set t1 = t3 = 1. The topological phases
at zero temperature are also characterized by the Chern
number as a function of t2 in the following way
Ch =

+2, if t2 < −2
+1, if − 2 < t2 < 0
−1, if 0 < t2 < 2
−2. if t2 > 2
(18)
In this system we don’t have a trivial phase (Ch = 0).
By assuming a Gibbs state, we numerically calculate the
nU as a function of t2 and temperature T . The results
are shown in Fig. 3. We find the predicted behaviour
at the zero temperature limit. At finite temperature,
one observes a smooth monotonic behaviour toward zero,
as temperature increases. A critical transition between
trivial and non-trivial phase is no where to be found, at
finite temperature, shading light on the nature of this
type of transition [19, 21, 23].
Conclusions – In this work, we have introduced the
concept of Uhlmann number, as a finite temperature gen-
eralisation of the Chern number. Beyond its mathemat-
ical and conceptual appeal, we have linked the Uhlmann
number to directly measurable physical quantities, such
as the dynamical susceptibility and dynamical structure
factor. We have shown that, in 2D translational in-
variant Fermionic systems, the above quantities can be
straightforwardly measured through dynamical conduc-
tivity. This leads to a connection between Uhlmann num-
ber and transversal conductivity that may be thought as
5Figure 3. The graph shows how nU changes for a topolog-
ical insulator with High Chern number as a function of the
temperature and a hopping term t2.
a finite-temperature generalisation of the (TKNN) for-
mula. Moreover, these expressions highlights also a re-
lation between the MUC, in the electric field parame-
ters space, and nU . The latter shows that a non-trivial
topology gives rise to an incompatibility condition in the
parameter estimation problem of two orthogonal compo-
nents of the electric field, due to the inherent quantum
nature of the underlying physical system.
We studied two prototypical models of TI and TSC,
and tested the behaviour of the Uhlmann number against
the topological features of these models at non-zero tem-
perature. For both models, we have found no indications
of temperature-driven topological phase transitions, nor
any actual phase transition at finite-temperature. In-
stead, we have found that temperatures smooths out the
transition between regions of zero-temperature topolog-
ical order. We observed an interesting non-monotonic
behaviour in the p-wave superconductor, which can be
ascribed to a thermal activation of topological features
for systems which are topologically trivial at zero tem-
perature.
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